By combining the results obtained by Kugo and Higashijima on the relation between zero mass renormalization and mass shell renormalization with those of the present author on the triangular anomalies in quantum electrodynamics, a simple identity is derived. Namely, we have where ra(e) denotes the anomalous dimension of the mass insertion vertex m vVeinberg's equation and rp(e) that of the pseudoscalar vertex. § 1. Introduction
The Callan-Symanzik equationsD,zl govern the response of Green's functions under the renormalization group. In discussing the ultraviolet asymptotic behavior of Green's functions with the help of these equations, however, one usually drops the so-called mass-insertion terms. This approximation limits the applicability of these equations to a certain non-exceptional Euclidean region. In order to avoid this difficulty a new set of equations has been proposed by W einberg. 3 J His set of equations is homogeneous in contrast to the original Callan-Symanzik equations, and Callan 4 J has extended Weinberg's derivation so as to include the scalar field which had been excluded in Weinberg's original derivation. Their methods are based on the so-called zero mass renormalization.
On the other hand, Tomozawa and the present author 5 J have derived a new set of homogeneous equations on the basis of mass shell renonnalization. These two sets of homogeneous equations look quite similar, but are not completely the same in form. The relationship between them and the identification of the tvm sets of ,-ariables appearing in them have since been clarified by Kugo 0 J and Higashijima.7l
Quite independently of these works the present author 8 l has studied the anomalous dimensions of various vertices in quantum electrodynamics on the basis of the anomalous axial-vector Ward-Takahashi identities. By combining these results mentioned above one finds an identity
where Ia (e) denotes the anomalous dimension of the mass insertion vertex in the Weinberg-Callan equations in quantum electrodynamics, whereas rp(e) denotes that of the pseudoscalar vertex.
In § 2 we shall recapitulate the relationship between these two sets obtained by Kugo and Higashijima, and in § 3 we shall prove the identity (1·1). § 2. Homogeneous renormalization group equations
In this section we shall recapitulate the relationship between the two sets of homogeneous renormalization group equations obtained by Kugo 6 l and Higashijima.n First, we introduce the zero mass renormalization in the scalar theory. The Lagrangian density is given by
where mR is treated as an external source rather than a physical mass. In the tree approximation mR denotes the physical mass, but when higher order corrections are included mR deviates from it. The counter terms are given by
where D is introduced, in addition to C, in order to eliminate quadratic divergences.
These four renormalization constants are fixed subject to the following zero mass renormalization conditions;
where we have adopted the phase convention in Ref. Next we introduce the second set of equations. We start with the conventional Lagrangian density (2 ° 6) and introduce K-dependent Green's functions by (2·7) \vhere ¢;eg denotes the regularized square of ¢. By means of the Legendre transformation of the generating functional of Green's functions we introduce the oneparticle-irreducible Green's functions. 51 (2·8)
The renormalization conditions are given by 
am ag aK
Kugo and Higashijima ha,-e prcn-ed the identification prm-idecl that
rs(!J) =ro(!J) +(5(!!) d ln(2+ro(!7)). dg
The function .l(g) is defined by Ye(g) =2 (A-1 (g) -1 ).
The physical mass m 1s given, 91 when K=/=0, by
!IJm 2 =0
·with m=m for K=O.
In the next section we shall carry over the above identification to quantum electrodynamics. § 3.
An identity in quantum electrodynamics
In quantum electrodynamics we introduce two differential operators correspondmg, respectively, to (2·5) and (2·11) by 
where n and m denote the number of the electromagnetic fields and that of the electron-positron fields, respectively, and r<n, m) = nrph (e) + mr,~ (e, a). 
By comparing Eqs. (3 · 9), (3 ·10) and (3 ·12), and the boundary conditions (3 ·11) and (3 ·13), we immediately find Thus the identity (1·1) 1s established.
